STRUCTURED, HIGHER-ORDER, HEXAHEDRAL MESH
GENERATION OF VASCULAR NETWORKS

Domagoj Bo$njak!

Thomas-Peter Fries?

Institute of Structural Analysis
Graz University of Technology
Lessingstr. 25, 8010 Graz, Austria
www.ifb.tugraz.at
L bosnjak@tugraz.at
2 fries@tugraz.at

ABSTRACT

A method for the generation of structured, higher-order, hexahedral meshes is presented, with emphasis on vascular
networks. Based on CT scans and segmentations, a topological skeleton and an implicit level-set surface description
are extracted. From the skeleton, in fact, any wireframe model, a block structure is generated automatically, based on
predefined prototypes. Mesh grading may be assigned in order to account for boundary layers or expected singularities.
The mesh generator based on transfinite maps then utilises the block-structure, the grading information, and the
implicit level-set surface description. The resulting meshes are suitable for fluid simulations, being of any order and
resolution, hence, suitable in the vast context of the hAp-FEM or other higher-order methods.
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1. INTRODUCTION

Generating high-quality meshes of complex domains
is a requirement for various numerical methods, ad-
ditionally so because the mesh affects both the com-
putational effort and the accuracy of the simulation.
Unstructured meshing is generally more practical for
arbitrary domains, however, there is only reduced con-
trol over mesh features such as grading and order of
the elements. On the other hand, structured meshing
enables direct control over the number of nodes and el-
ements in the mesh, and the number of elements shar-
ing a node. However, this comes at the price of usu-
ally simpler domains of interest to be meshed. With
respect to element types, hexahedra are more suitable
for resolution of boundary layers [1] in fluid flow sim-
ulations, i.e., thin layers of fluid in the vicinity of the
domain boundary. Moreover, hexahedra are the better
option when applying multigrid methods for the effi-

cient solution of systems of equations [2]. Hence, in
this work we opt for structured, hexahedral meshing.

The established approaches to this type of structured
hexahedral mesh generation [3, 4, 5, 6] usually focus
on linear (hence, low-order) meshes, whereas we aim
to generate higher-order meshes as well. The moti-
vation lies in the growing popularity of higher-order
methods, such as the well known p-FEM [7] (regard-
less of whether continuous or discontinuous Galerkin
methods are employed), and the lack of (very) high
order mesh generators [8].

Our approach is based on the block-structured mesh
generation [9], where the domain is sub-divided into
blocks, whose topology represents the topology of the
domain. Each coarse block may then be meshed indi-
vidually. The generation of the block structure de-
pending on the domain of interest is a topic in it-
self [10, 11].



2. SURFACE DESCRIPTION

We outline two ways of representing the surface of
the domain; though both result in a function whose
zero-isosurface {x € R® : f(x) = 0} represents the
surface. The first approach consists of generating a
signed-distance function directly from a triangulated
surface, performed by established methods [12]. A
topological skeleton (centerline) must be extracted as
well, e.g., by mesh contraction [13]. Generating a suit-
able skeleton for a wide spectrum of domains may re-
quire user interaction, though the restrictions on the
domain shape are more relaxed compared to the ap-
proach outlined next. In the second approach, which
is employed by the authors of this work in [14], a con-
volution surface [15] description is extracted. This re-
sults in a smooth (at least C'*—continuous) level-set
function, based on a skeleton with radius information.
The advantages of this approach are that it is fully
automatic, in addition to inherent convolution sur-
face benefits, such as smooth blending between vessels
and easy topology control. However, a clear restric-
tion is the assumption that each cross-section of the
vessel (aside from, e.g., bifurcations) is exactly circu-
lar. Herein, we propose to move away from convo-
lution surfaces, and instead utilise the first discussed
approach, which is conceptionally simpler, yet relies
on a faceted, hence, only C°—continuous surface de-
scription based on flat triangles.

3. BLOCK STRUCTURE GENERATION

We assume that a skeleton has been generated, along-
side a signed-distance function, obtained from the ini-
tial surface representation by flat triangles (e.g., in the
STL-format). We then generate the block structure
from the skeleton, based on several prototype situa-
tions that occur in the domains we mesh. Fig. 1 illus-
trates the skeleton and the generated block structure
for an iliac bifurcation.

Figure 1: An example of a (a) skeleton of a patient-
specific iliac bifurcation and (b) the generated block
structure.

In the skeleton, we distinguish between junction and
non-junction points. Around the latter, we gener-

ate a cross-section, as shown in Fig. 2a. The cross-
sections are then connected to form blocks, as shown
in Fig. 2b. Around the junction points, we generate
cube-like structures shown in Fig. 2c, consisting of 7
blocks each. The sides of the junction structure are
modified to be able to connect with a cross-section, as
in Fig. 2d. The orientation is determined to minimize
the angle to the junction branches. Several additional
block structure prototypes are used, depending on the
number of branches and the branching angles, but they
are omitted here for brevity. It is worth noting that ex-
tending the overall method would only require adding
new block structure prototypes, and the rest of the
algorithm could remain unchanged.

(a) (b) (c) (d)

Figure 2: The block structure generation: (a) cross-
section at a non-junction point, (b) the blocks formed
by two cross-sections, (c¢) structure around a junction
point and (d) modified junction structure to accom-
modate for a connection with a cross-section.

A crucial point here is the fact that the generated block
structure does not have to be perfectly aligned to the
surface. Given a signed-distance function, we employ
the closest point projection to bring a given point to
the surface of the domain. In the convolution surface
approach from [14], the projection is achieved with a
Newton scheme. Hence, the automatically generated
block structure only needs to be a suitable first guess,
with respect to the surface alignment. This bodes well
in case we consider a more complex domain.

The user may assign mesh grading to the block struc-
ture to induce tailored refinement of the mesh. This
may be done, e.g., to generate thinner layers of el-
ements near the boundary, to account for boundary
layers. Having generated the implicit surface descrip-
tion and the block structure, and potentially assigned
mesh grading, we proceed to the mesh generation step.

4. MESH GENERATION

The mesh generator requires two input parameters,
the number of elements per block, denoted by n.;, and
the desired order of the mesh, denoted by p. From
these two, we can compute the number of nodes per
block edge Medge = mel - p + 1, number of nodes per
block face, ngace = ngdge, and total number of nodes
in the interior of each block nplock = ng’dge.

We give a brief overview of the transfinite maps [16],



in particular for quads, noting that a similar approach
may be followed for hexas. For more details, we refer
the reader to [14]. We begin with a reference quad,
as in Fig. 3a, with an (r, s) coordinate system and the
four bilinear shape functions N;, 1 =1,...,4.

For each of the four edges, we define a ramp function,
whose value along the given edge is 1:

Ry = N1+ N2, Rz = N2+ N3,

R3 = N3+ Ny, Rs= Ns+ Ni.
Given a point » = (r,s)T, eight other points are
needed to define the map. The four points ] € R?
are simply the vertices of the quad, and the four points
¢ € R? lying on the edges of the quad are naturally
obtained as illustrated in Fig. 3a. Now, the definition
of the transfinite map is given by

4 4

z(r)=> Ri(r)-ai—-) Ni(r)-ai. (1)

i=1 i=1
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Figure 3: Transfinite maps: (a) points needed to get
x (r), (b) switch to the Cartesian coordinate system
(z,9,2); (c) and (d) the equivalent situation for hexas.

A schematic illustration of the approach for hexas is
given in Figs. 3c and 3d.

Some edges and faces of the blocks may be associated
with an implicitly defined surface. Hence, we go over
each edge, place the neqge points on it, then project the
points onto the surface, as discussed in Sec. 3. Oth-
erwise, no projection is required. Better start guesses
for the projection may be obtained through order el-
evation. Interpreting the edge as a 1D linear finite
element, we first raise the order of the edge to 2, yield-
ing a new point, which we then project to the surface.
Thus, points are placed on the quadratic element in-
stead, to yield better start guesses. The process may
be repeated up to a user-defined order.

After the edges, we generate points on faces of the
block structure, via transfinite maps, as in Eq. 1.
Thereafter, we consider the associated implicit geome-
try definition by projecting these points to the surface.
Finally, transfinite maps for hexas are applied to gen-
erate the nodes in the interior of each block. After
defining all nodal positions, a connectivity matrix has
to be generated to relate the nodes to elements, final-
izing the mesh generation.

5. EXAMPLES

We show examples of meshes coming from a patient-
specific aorta, namely the bottom part starting from
the iliac bifurcation. The meshes are generated based
on convolution surfaces, but still differently than in
[14], due to the incorporation of the level-set func-
tion into the mesh generator, thereby avoiding the in-
between step of surface discretization.

We show the skeleton, the block structure, a linear
mesh and a higher-order (cubic) mesh, in Fig. 4.

Figure 4: A patient-specific aorta, the bottom part
starting from the iliac bifurcation at the top: (a) the
skeleton, (b) the block structure with 373 blocks, (c)
the linear mesh with 80568 elements and (d) the cubic
(order 3) mesh with 80568 elements.

Additionally, we show mesh quality metrics, namely
the scaled Jacobian and the equiangular normalized
skewness [5], both of which are widely used metrics.
The skewness is only computed for the linear mesh.
Fig. 5 contains the histograms of the values of the
aforementioned metrics.



Figure 5: Mesh quality metrics for the meshes in
Fig. 4: (a) the scaled Jacobian of the linear mesh,
(b) the scaled Jacobian of the cubic mesh and (c) the
equiangular normalized skewness for the linear mesh.

6. CONCLUSIONS

We propose a new method for pure hexahedral, block-
structured mesh generation, based on an implicit sur-
face description. The implicit level-set approach is suc-
cessfully incorporated into the mesh generator. Good
results were obtained with the convolution surface ap-
proach, motivating us to generalize the method to an
approach which relies on the signed-distance function,
whilst retaining a topological skeleton for block struc-
ture generation. This methodology would pave the
way for meshing a wider class of domains, without the
restriction of perfectly radial cross-sections as in [14].
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