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Abstract

Established a posteriori mesh curving techniques often rely

on an accurate CAD parametrisation of the underlying

mesh objects which may not always be available. To deal

with such cases, we propose a method for reconstructing

the missing information between the mesh and the CAD

geometry when importing an arbitrarily sourced straight-

sided mesh. The reconstruction is followed by curving

methods for order elevation, projections and, subsequently,

optimisation. Lastly, mesh modification techniques are used

to achieve the desired mesh resolution and quality. We

illustrate the steps of the proposed workflow through a

simple geometry and a complex automotive geometry.

1 Introduction

High-order high-fidelity solvers, such as Nektar++ [16],
Nek5000 [7] or PyFR [26], require valid high-quality
curvilinear meshes that accurately conform to the un-
derlying geometry. Such meshes are commonly gen-
erated using a posteriori approach whereby a linear
straight-sided mesh is generated first and then trans-
formed into a straight-sided mesh of the required order.
The edges and faces of this high-order mesh are then
curved to lie on the curves and surfaces, respectively,
which define the CAD geometry. Additional untangling
and optimisation techniques are usually adopted dur-
ing or after the curving to ensure validity and enhance
the quality of the mesh [25, 22, 20]. Implementations of
this approach are available in open-source tools such as
Gmsh [9] and NekMesh [25], and in commercial codes
such as GridPro and Pointwise (now Fidelity CFD) [12].

In an industrial setting, where geometries can con-
sist of thousands of CAD surfaces and meshes, the de-
velopment of a methodology capable to automatically,
accurately and efficiently resolve the required flow fea-
tures in fast turn-around time, presents a huge chal-
lenge for mesh generation tools. A natural solution is
to take advantage of existing fast, robust and flexible
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mesh generators for linear meshes suited to industrial
application. The main drawback of this approach is
that some of these mesh generators do not provide the
connectivity between the surface mesh and the underly-
ing CAD objects and sometimes do not guarantee CAD
compliance to increase robustness. This is of particu-
lar importance in the mesh curving process since most
CAD related operations are usually performed in the
parametric space of the CAD objects. If this informa-
tion is available, one can elevate the order and curve to
the corresponding CAD. One example is the work by
Ruiz-Gironés et al. on the High-Lift Common Research
model using Pointwise CAD API and extensive CAD
cleaning [19] . Another example is the successful mesh
generation, after a very extensive defeaturing and BRep
simplification, and flow simulation of a full road sport
car by the NekMesh team [15]. However, integration
of a posteriori approaches in industry is hampered by
the need of extensive and time-consuming CAD clean-
ing, the lack of CAD-mesh connectivity, and the lack of
optimized projection procedures.

To make a step forward in tackling the previously
mentioned problems, in this work, we present a generic
methodology for generating high-order meshes from a
very coarse linear mesh through the reconstruction of
the missing mesh-CAD connectivity. Moreover, we en-
sure full CAD-conformity through vertex projections.
This allows us to generate valid high-order meshes even
from invalid, non-watertight CAD BRep STEPs of com-
plex geometries, providing a valid watertight triangula-
tion such as an STL is available. As this is assumed
to be a solved challenge in the finite-volume commu-
nity, this relaxes the requirements and the need for CAD
simplification. With this newly acquired CAD-mesh in-
formation, we reuse and improve the internal bottom-up
approaches for both mesh curving, isoparametric prism
layer splitting, mesh optimisations and untangling as
defined in [25] , [10].

The outline of this work is structured as follows.
Section 2 presents a high-level overview of the method-
ology we propose for high-order mesh generation from
third-party meshes and some key concepts as CAD con-
formity and CAD compliance. Section 3 discusses the
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implementation details, describing every module of the
workflow, while focusing on the challenges and the pro-
posed solutions that allow us to curve and optimise im-
ported third-party linear meshes. Section 4 illustrates
the methodology with two examples. The consistency
of the workflow is verified first using a simple analytical
geometry, a semi-sphere. The second example applies
the procedure to a complex automotive geometry. We
conclude this work with a short-term outline for the
goals of developing further the workflow.

2 Overview of the Methodology

To tackle the problem of industrialisation of high-order
methods for CFD applications, we propose a workflow
capable of combining robust linear mesh generation
tools with a posteriori mesh curving and optimisation.
The starting point is a coarse straight-sided (linear)
volume mesh with a prism layer that requires minimal
CAD preparation for complex geometries. From that
point the workflow will create a valid high-order mesh
from any boundary-conforming linear mesh without
relying on application-specific tools which exist, such
as the PADRAM [2] or TAU meshers [8].

When generating the curvilinear mesh, we aim at
reusing and, when possible, improving current high-
order a posteriori curving and optimisation methodolo-
gies. However, these methods often rely on some critical
assumptions that are not necessarily satisfied when us-
ing a third-party linear mesh:

• CAD-conformity : The vertices of the linear mesh
lie on the CAD curves and surfaces within machine
precision (�M ).

• CAD-connectivity : The mesh curving and opti-
misation procedures require accurate information
about the corresponding BRep object.

• CAD-compliance: The mesh curving processes may
assume that every mesh face corresponds to pre-
cisely one BRep surface, which is not always the
case for third-party meshes.

We propose a new intermediate step in the mesh
generation process (see Figure 1) which first associates
the vertices of the linear mesh with the closest BRep
objects (Surface, Edge or Vertex) and their coordinates
in parametric space. CAD conformity of the linear
mesh is then ensured through vertex projection. We
use a sophisticated series of logical steps to reconstruct
the CAD connectivity of all surface entities of the
mesh - edges and faces - associating each mesh objects
with their corresponding BRep ones. With this link
established, accurate parametric projections and surface

optimisations are performed for mesh curving. To
ensure validity and to increase the mesh quality, we can
employ a variational optimiser to attempt untangling
any invalid elements. An added advantage of the newly
acquired CAD connectivity comes to the fore precisely
with these optimisations, which allow a certain degree
of sliding of the high-order nodes on the CAD BRep
object.

CAD-Mesh Connectivity

 Reconstruction

State-of-the Art 

HO Meshing Tools

 Linear Mesh
Generation

CAD B-Rep

Figure 1: The proposed mesh generation workflow
starts from third-party linear meshes (blue) which are
processed by in house a posteriori high-order modules
(orange).

A special consideration is taken when a linear el-
ement (boundary face or edge) crosses two BRep sur-
faces. In these rare cases, no BRep object is assigned to
the mesh entity and is followed by a simplified projec-
tion process with no further optimisations. This might
result in slight deterioration of the surface quality in
cases where the multi-patch BRep has only C0 continu-
ity between patches. However, it also allows for signif-
icant flexibility on the linear mesh generation side, de-
creasing the need for CAD defeaturing and also facilitat-
ing the use of two separate geometrical representations
for the linear mesh generation (e.g. a STL triangula-
tion) and for the high-order part of the process (invalid
STEP). How to achieve the right balance between sur-
face quality and volume mesh generation flexibility will
depend on the application and complexity of the case.

Lastly, the CAD reconstruction process is extended
to high-order meshes which has two main advantages.
Firstly, it provides the means for a mesh quality suite,
where the geometrical accuracy of any high-order mesh
can be evaluated, provided a CAD file is present.
Secondly it permits the user to start the workflow from
any third-party mesh, even a high-order curved one,
assess its quality and then use in house optimisation
techniques to improve its quality.

3 Proposed Workflow Implementation

This work employs, improves and further develops
the modules and architecture of the high-order mesh
generator NekMesh [10], that has been designed for
the generation of unstructured highly-stretched hybrid
meshes combining prismatic and tetrahedral elements,
required for high-speed viscous flow simulations.

This section presents the proposed workflow, and
discusses all stages of mesh generation, from CAD
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preparation and linear mesh generation to final untan-
gling. Particular interest will be paid to achieving the
required resolution in the normal direction of the prism
layers to accurately model the flow in the boundary
layer. Figure 2 shows the main processes part of the
workflow.

Begin

.step / STL

.step

CAD Geometry

.ccm / .mesh

 Linear Mesh Generation

Converting 3rd party linear mesh

Loading CAD

Connectivity Reconstruction

CAD B-Rep & Mesh Object 

Mesh Curving

High-Order Optimizations

Yes

No

Valid?

.xml / .mesh

Isoparametric Prism Layer Split

Linearising Invalid Elements (J < 0) 

Solver 

Figure 2: Overview of the end-to-end mesh generation
pipeline, showing all steps/modules in generating the
valid high-order mesh. Processes marked in blue are
third-party software, whereas all orange ones are inter-
nal to NekMesh.

3.1 Linear Mesh Generation The starting point
of the process is the creation of the underlying CAD
model and the generation of the linear straight-sided
mesh. The way these are generated is left completely
to the desires and needs of the user. However, there
are several notes and best practices that have been
discovered during the development and the applications
of this work. In terms of the CAD BRep, there are
no specific requirements on the user for the generation.
The only necessity on the high-order side of the process

is the availability of a BRep in the form of a STEP file.
The workflow allows the generation of a linear

mesh from various CAD file formats or even from a
triangulation. This is advantadgeous when handling
complex geometries because the B-Rep does not need
to be watertight, and could have imperfections such as
free edges, pierced surfaces, etc. Their presence leads to
a slight deterioration of the surface quality of the mesh,
but undertaking CAD repair could lead to unacceptable
time scales in an industrial setting.

Currently, NekMesh supports the input from the
following mesh generators: Gmsh (.msh), original Nek-
tar (.plt) and StarCCM+ through the CCM to Open-
Foam API [1]. Supporting other input formats is a rela-
tively easy task due to the modularity of NekMesh [16].

3.2 Importance of Ensuring CAD Conformity
and CAD Compliance In regions of high curvature,
it is often observed that the mesh vertices do not lie
precisely on the CAD. In the following we will denoted
the minimum distance between a point and the target
CAD object as �. Such deviation is mainly due to
inaccuracies of the mesh or to the CAD projection
algorithm.

These geometrical errors significantly impact the
geometrical accuracy of the mesh and, potentially, of
the simulation. For instance, they could introduce
waviness on the boundary of the mesh and trigger
oscillatory behaviour in the solution. They can worsen
discontinuities of tangents and normals at the interfaces
between elements. Inaccurate projection during mesh
curving leads to similar behaviour as illustrated in
Figure 3.

Figure 3: Schematic showing an exaggerated effect of
the geometry oscillations in a very coarse curved edge.

Figure 4 shows an example where a seemingly
“very fine” tessellation unexpectedly generates a high
deviation of � � 2 � 10�4 on the low curvature regions
of a wing. A naive projection of the high-order nodes
onto the BRep results in an unacceptable spike-like
pattern on the curved surface mesh, which subsequently
decreases the overall volume mesh quality.
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Figure 4: An illustration of the impact of the tessel-
lation e�ect. A \very �ne" surface mesh unexpectedly
generates an oscillatory pattern on the regions of low
curvature in a wing.

Multi-NURBS surfaces Watertight and valid com-
plex CAD BRep often exhibit small and very skewed
surfaces due to certain CAD operations such as �llets,
see Figure 5. If the linear mesh is assumed to be CAD
conformal in such instances, the generated mesh could
have numerous highly skewed surfaces which will de-
teriorate volume mesh quality. A remedy employed
by some linear meshers is to combine these trouble-
some CAD surfaces into multi-patch virtual geometries,
but this could lead to inaccurate projections and self-
intersections, see Figure 6, during the mesh curving
stage.

Observation 1 : The CAD conformity of the linear
mesh is of crucial importance for the surface and vol-
ume mesh quality of the high-order mesh. Therefore,
one must ensure appropriate treatment for the linear
vertices on the high-order side of the process.

Observation 2 : In the presence of multi-patch sur-
faces, a suitable linear mesh requires CAD compliance
and minimising multi-patch element faces while keeping
reasonable mesh quality. These con
icting requirements
must be carefully accounted for through the linear mesh-
ing process or the use of mesh modi�cation techniques
a posteriori in NekMesh.

3.3 CAD Reconstruction This section describes a
novel method for reconstructing the lost CAD mesh
connectivity which combines bottom-up approaches for
vertex BRep association through the CAD API with a
set of top-down logical operations derived from the B-
Rep topology. This module is designed to mesh complex
geometries and to be compatible with any linear mesh
generator. To achieve this we have eliminated a large
number of restrictions of the current processes. For
example, it allows for lack of CAD conformity of the
vertices and for the presence of multi-patches. Further,

Figure 5: Area with 7 highly skewed CAD surfaces
leading to sliver elements if CAD compliance is strictly
enforced. Note the deterioration in mesh quality in
elements if projections are inaccurate (blue).

Low QualitySlivers

Low Quality

Figure 6: Mesh distortions due to naive projection on
multi-patch elements (BRep line in white) at polynomial
order P = 4.

the new modules of NekMesh permit a full integration
of third-party curved meshes. The �nal outcome of the
process is the connectivity between the BRep and the
mesh objects, as illustrated in Table 1 . Please note that
we do not associate the mesh vertices with their BRep
counterparts.

BRep and CAD-API All geometrical queries and op-
erations are performed through one of two NekMesh
CAD-APIs linked to the CAD engines of OpenCas-
cade [5] and ITI CAD�x [11]. OpenCascade has been
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Table 1: Desired association between BRep and mesh
objects.

CAD Vertex Edge Face EdgeNode FaceNode
Node (D ) 5 5 5 5
Curve D D 5 D 5
Surf D D D D D

used in this study, but more details on the CAD-APIs
can be found in references [25, 14].

The CAD-APIs read the BRep input data in STEP
format. As the linear volume mesh is already generated,
we can use the available mesh connectivity information
to modify and relax the usually strict requirements
on the STEP BRep of the current curving and CAD
handling modules. The only requirement is a valid
parametrisation of the CAD surfaces. This allows
NekMesh to curve and optimise the linear mesh even in
the presence of STEP artefacts like free edges, pierced
surfaces, etc. that are hard to detect and �x in CAD
repair.

Bottom-up BRep Preprocessing and Vertex As-
sociation The �rst step of the reconstruction process
is to associate every boundary vertex of the linear mesh
with the CAD surfaces. A naive approach that would
query the distance to every BRep object is unfeasible for
industrial geometries that may contain more than 104

surfaces. To reduce the cost of such queries, a prepro-
cessing of the BRep is �rst performed. All CAD surfaces
are sampled with nodes, extended and enclosed within
bounding boxes which are stored in a k-D tree, as in the
original NekMesh work
ow [23].

This way every boundary vertex is e�ciently asso-
ciated with only a few candidate surfaces when it is
inside their bounding box, see Figure 7. These can
vary from 3 to 20 per vertex roughly depending on the
CAD complexity. The vertex is then projected only
onto the candidate surfaces, the surfaces are ordered
according to the distance � , and discard those where
� > max(0:5L; 10� 6) where L is the length of the edge.
Finally we project the vertex to the closest CAD surface
and reevaluate the list with the parametric location for
all su�ciently close candidate surfaces.

This bottom-up approach gives approximate para-
metric locations of the mesh vertices for a list of CAD
surfaces. We have adopted a top-down approach where
the CAD information on the mesh vertices links the
edges and faces to CAD surfaces because the use of
bounding boxes creates a high degree of false associ-
ations in coarse regions and sliver surfaces leading to
projections with distortions and tangled elements.

Figure 7: Diagram showing the process of vertex asso-
ciation to BRep objects before projection. Note that
none of the vertices is exactly on the BRep. Vertices
V1 and V3 will have only one associated BRep curve,
whereasV2 will have two.

Face-Associations The mesh vertices are now associ-
ated to their CAD surfaces, we now process the bound-
ary faces. From a CAD-connectivity perspective, we
consider three di�erent types of elements: internal, cor-
ner, also referred to as (Case 2) elements, and multi-
patch which span over two CAD surfaces (Case 3), as
illustrated in Figure 8. We discuss the treatment of tri-
angular boundary faces, but the method can be also be
applied to quadrilateral faces. Their treatment is easier
as they have fewer Case 2 elements.

Figure 8: Diagram showing the 3 di�erent element
cases: (a) internal face, (b) corner (Case 2), and (c)
multi-patch (Case 3).

The CAD reconstruction for \internal" elements is
the easiest as all its vertices share a single common
surface. In addition, at least one vertex is associated
only with the common surface. These two conditions are
usually met by more than 95% of the boundary elements
and allow for better projection, and surface and volume
optimisations by sliding elements and vertices on the
surface.

Case 2 elements, with vertices having more than
one common CAD surface, are more di�cult to handle.
These often appears when one of the surfaces is very
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small or with a very high aspect ratio like, for example
in blunt trailing edges or sliver surfaces as illustrated in
Figure 9. In this case, the algorithm samples the mid-
point on all edges and calculates the distance to the
candidate CAD surfaces with the CAD API and then
picks the one with the minimum overall deviation from
the middle points. The surface ID is obtained as follows

(3.1) ID = arg min
k

3X

j =1

kx j � P k (x j )k

where P k (x j ) denotes the coordinates of the projection
of the point x j on the surface of ID k. This works
well both for straight-sided and curved surfaces with
reasonably high curvature deviation from the linear
face.

Figure 9: Speci�c treatment of the objects with multiple
CAD surface candidates in a region of trailing edge or
corner elements (Case 2).

Finally, if boundary face vertices do not share
any common CAD surfaces or the element fails any
of the previously described �lters, no BRep object
is associated to the element, Case 3 face. Hence,
a simpler mesh curving algorithm is applied to this
element without local surface optimisation and these
face vertices do not slide on the CAD during the global
volume optimisation.

Edge-association: The edge association to CAD sur-
faces is relatively straightforward. By revisiting Figure
7, it can be observed that when the vertices have a sin-
gle associated common surface, this edge is internal to
the BRep object and can directly be associated with it.
A cross-check is performed with the parent elemental
CAD surface.

If the vertices share two or more CAD surfaces,
a more elaborate approach is required. Topologically,
this indicates a corner edge likely generated on a CAD
curve. Therefore, we loop over all curves, forming the
EdgeLoops around the candidate CAD surfaces creating
a shortlist of CAD curve candidates. If the edge has a
single common one, it is connected to this CAD curve.

If two curves are present (around junctions), another
voting process is performed, choosing the closest one
within a tolerance of 10� 6. In the case of more than
two common CAD curves, we prefer the safer choice
of assigning the elemental CAD surface to the edge
to facilitate a more accurate projection and surface
optimisation. Lastly, if the vertices of the edge do not
share a CAD surface or fail the CAD curve tolerance
test, this indicates that the edge is crossing multiple
patches. Hence no BRep object is associated at this
stage, and a simpler curving process is applied as per
the Case 3 elements.

Extension to High-Order Meshes Once the mesh-
CAD connectivity is available for the linear mesh, we
can extend the method to high-order mesh entities such
as edge nodes and face nodes. This is straightforward
since the edge nodes will adopt the CAD curve or
CAD surface of the parent edge, and the face nodes
the CAD surface of the parent face. Interestingly, this
brings about the unique work
ow capability to restart
the high-order meshing from any point of the process.
Moreover, it allows to restart from any kind of a third-
party mesh, being it linear or high-order .

3.4 Mesh Curving and Surface Quality Once the
connectivity between the linear mesh and the CAD-
BRep is completed, we can apply any high-order mesh
curving module. In this work
ow, we modify and en-
hance the interpolative mesh curving algorithm, which
is based on the parametric projection of high-order
nodes onto the BRep. This has already been proven
to produce high-quality meshes in the in-house bottom-
up mesh generation work
ow [25, 6]. However we
can equally and successfully apply state-of-the-art algo-
rithms such as variational optimisation [25] or approxi-
mate curving [20]. The parametric projection is applied
hierarchically for every boundary face in the paramet-
ric space of the corresponding CAD surface parametric
coordinates (u; v), hence, we �rst curve the edges and
then the internal face nodes.

When we consider the edges, we �rst generate the
high-order nodes in the reference space according to the
user-de�ned order and quadrature rule, usually Gauss-
Lobatto-Legendre. Then following the edge vertices in
(u; v) parametric space, we can map the quadrature rule
to the parametric space. Then from the parametric
(u; v) coordinates of every high-order edge node, we use
the CAD API to map back its location in Cartesian
coordinates (x; y; z). The process is illustrated in Figure
10.

After the parametric projection of the edge nodes,
we apply the same type of parametric projection on the
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Figure 10: Diagram showing the projection of edge
nodes from CAD surface parametric space (u; v) to
Cartesian space (x; y; z).

corresponding internal face nodes, see Figure 11. Sim-
ilarly, the desired quadrature nodes are generated ac-
cording to the user-de�ned order and quadrature dis-
tribution, then mapped to the parametric space of the
corresponding BRep surface with the parametric knowl-
edge of the vertices. Last, these are projected on the
CAD and the validity of the element is checked. This
way, the work
ow provides very high geometrical sur-
face accuracy with the user-de�ned quadrature order,
tested up to polynomial order P = 14.

Figure 11: Diagram showing the 3D projection of the
high-order face nodes in parametric (u,v) space for P4
mesh element.

In the rare cases where the boundary face does
not have a CAD surface association, i.e. they are
not CAD compliant, we rely on a simpli�ed secondary
mesh curving process. In this case, the face has at
least one edge crossing two BRep objects. As discussed
earlier, this is not a desirable situation where the exact

parametric projection is not possible. However, when
faced with BRep slivers or meshing from triangulation,
it is crucial to account for them and devise strategies to
avoid having linear or tangled elements. Therefore, we
populate the desired quadrature on the linear element
and then project the high-order edge nodes one by
one to the closest CAD surface, as depicted in Figure
12. This fail-safe process relies on the curved edges
to reconstruct the underlying geometry for robustness
purposes. The reason being that projecting high-
order face nodes on the closest CAD surface is more
likely to result in self-intersections, especially when
the two surfaces have high curvature and are only
C0 continuous. Moreover, no surface optimisation is
applied to these mesh elements.

Figure 12: Diagram showing the 3D projection of edge
nodes from Cartesian space (x; y; z) onto the closest
CAD surface.

Surface Mesh Optimizations During the mesh curv-
ing, the work
ow moves the high-order nodes on the
BRep object to minimise the distortion induced by
the parametric projection according to the optimization
method described in references [21, 24]. On an edge, we
achieve that by introducing a virtual spring network sys-
tem between the edge nodes and moving them on the
BRep object to minimise the potential energy

(3.2) F =
PX

i =1

jj x (ui +1 ; vi +1 ) � x(ui ; vi )jj2

wi
:

where the wi are suitable weights for the chosen nodal
distribution. A minimum of this energy is calculated
in Cartesian space using a classical BFGS optimization
algorithm [4]. This process becomes important when
coarse elements are present in regions with very high
two-directional curvature, such as wingtips or rounded
trailing edges. In these cases, we observe a signi�cant
increase in the surface mesh quality, geometrical accu-
racy and even untangling of self-intersections, as shown
in Figure 13. Naturally, this translates to an improved
overall volume mesh quality.
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(a) (b)

Figure 13: The curved surface mesh generated with (b)
and without(a) the optimisation. Note the presence of
invalid elements when the optimisation is not applied.

3.5 Assessing Geometrical Mesh Accuracy
through CAD-Reconstruction The geometrical er-
rors in the mesh discretization of the underlying CAD
could have a signi�cant impact on the accuracy of sim-
ulations, especially for boundary layers at high 
ow
speeds. Often it is di�cult to identify these errors.
The high-order extension of the CAD-Reconstruction
algorithm provides a tool for assessing the geometrical
accuracy of the mesh - the deviation from the target
CAD-object � x and from the target CAD-Normal � n i .

The �rst stage of the process is to elevate (sample)
the boundary face to an order of choice with the desired
quadrature points on the face. Then the CAD connec-
tivity is reconstructed and all vertices, high-order edges
and face nodes receive their BRep parametric coordi-
nates (ui ; vi ). This backward mapping allows us to then
query through the CAD-API for the target location x i

and the unit normal vector n i on the associated CAD
object. Last, we calculate the corresponding nodal de-
viations for x i and n i between the isoparametric and
BRep nodes, see Figure 14. Through the Nektar++
high-order utilities, we can visualise the elemental val-
ues of these deviations and assess if any further inter-
ventions are necessary. This also allows the user to vi-
sualise and investigate if, where and why an element
does not have CAD associated with it which will indi-
cate the presence of a multi-patch face or a rare failure
of the CAD-Reconstruction algorithm.

3.6 Variational Optimizer The improvement of
mesh quality and untangling of invalid element
we (re)use the variational optimiser module in the
NekMesh framework [24]. This is achieved through the
minimisation of the deformation energy functional W ,
which is a function of the mapping � from the ideal
straight-sided element 
 e

I to the curvilinear element 
 e,
formulated as �nd

(3.3) min
�

Ei (r � ) =
X

e� i

Z


 e
I

W (r � ) dy :

Figure 14: Diagram showing the mechanism of assessing
the geometrical accuracy� x i of a P = 2 mesh evaluated
at P = 6 with an evenly distributed quadrature rule.

Figure 15: The mappings � from standard reference
element 
 st to ideal straight-sided 
 e

I and the �nal
curved element 
 e. Note that the mapping used for
optimization is � = � M � � � 1

I [23].

The various mappings involved in this setting are
depicted in Figure 15. The optimization calculates the
positions of the nodes that lead to a minimum of the
energy 3.3. We direct you to reference [25] for a detailed
description of the method.

The energy functional adopted here is based on
hyperelastic materials

(3.4) W =
�
2

(Tr( C) � 3) � � ln J +
�
2

(ln J )2

where r � (y ) is the gradient tensor of the mapping, its
determinant J = det( r � ) is denoted the Jacobian, �
and � are the Lam�e elastic constants, and C is the
Cauchy-green stress tensor.

The untangling capability of the method is achieved
through the regularisation of the Jacobian for values
J < 0, and is signi�cantly improved by allowing the
movement of the nodes on the BRep object except for
the mesh vertices associated with the CAD vertices. A
minor limitation of our process is that we guarantee
perfect CAD surface, but not perfect CAD curve and
CAD vertex association. Therefore, for robustness, we
also �x the nodes on the boundary associated with two
or more surfaces, two or more curves and the ones
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without a CAD object.

3.7 An Improved Isoparametric Boundary-
layer Splitting Very high-aspect ratio elements are re-
quired near the boundary for viscous 
ow simulations.
The main challenge is to propagate the curvature in-
side the domain and ensure the quality and validity of
the �nal mesh. For this purpose, we employ the stan-
dard NekMesh approach for generating and curving a
thick single prism layer around the body, the macro-
prism layer [17]. Every macro-prism is mapped to stan-
dard space and it is split according to a user-de�ned
progression ratio (r ) and a number of boundary layers.
This work introduces an improved implementation in
NekMesh by propagating not only the edge curvature
through the edge nodes but also all face nodes, hence
providing higher surface accuracy.

.

(a) Valid curved high-order macro-prism before splitting.

(b) Isoparametric splitting in reference space with N = 6
prism layers and a progression ratio r = 1 :5.

Figure 16: Isoparametric boundary layer splitting in
reference space (� ) and the mappings from reference to
Cartesian space [17].

4 Examples

We presnt two examples to illustrate the capabilities of
the proposed approach: a simple domain surrounding a
semi-sphere and an automotive geometry, the Imperial
Front Wing [18, 3].

4.1 A Semi-spherical Geometry Test Case This
elementary geometry represents a domain around a
semi-sphere. The process works as follows: a very
coarse linear mesh is generated from STEP in third-
party software, consisting of only 4 prism elements rep-
resenting the semi-sphere, see Figure 17a. The CAD-
Reconstruction process successfully associated the nec-

essary connectivity between all mesh elements and the
BRep ones and performed purely parametric projections
with surface optimisations to polynomial order P = 7,
as described in Section 3, producing the mesh observed
in Figure 17b. The achieved surface quality with a max-
imum geometrical deviation of � = 1 :3 � 10� 6 (tested
with P = 8) shows that the proposed methodology is
capable of reconstructing the geometry with very coarse
meshes and very high-order polynomials, which is a
unique capability of this implementation.

(a) (b)

Figure 17: The high-order mesh generation of a domain
around semi-sphere starting from a linear mesh (a),
the curved surface mesh with surface optimisation at
polynomial order P = 7 (b).

Using the same geometry but with a �ner all-tetrahedra
linear mesh, we verify the consistency between the ex-
isting mesh generation work
ow, as implemented by
Turner [25], and the new proposed work
ow. The linear
mesh can be seen in Figure 18a. The process successfuly
reconstructed all the CAD objects: 1650 vertices, 2474
edges, 1650 faces, and 6908 elements. This allowed the
full utilisation of parametric mesh curving, surface op-
timisation and the variational optimiser with sliding of
the internal to the CAD surfaces mesh nodes and ver-
tices. As seen in the histogram of Figure 18c, the ini-
tial curved mesh is valid but with certain elements have
low quality in terms of scaled Jacobian, with the min-
imum value of Jmin =0.36. After the application of the
variational optimiser, see Figure 18d, the overall qual-
ity of the mesh increases drastically, with a minimum
scaled Jacobian ofJmin = 0 :865. Both the geometri-
cal accuracy and the �nal mesh quality are identical to
the legacy internal bottom-up mesh generation work
ow
(Jmin = 0 :864), which is a di�erence of less than 0:1%.
This shows the consistency of the proposed methodology
with the high-quality internal bottom-up one, which is
to be expected due to the reuse of the high-order mod-
ules and the entirely successful CAD-Reconstruction.

4.2 Automotive Test Case: Imperial Front
Wing This work
ow aims at achieving a robust and
automatic mesh generation for complex geometries. An
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(a) (b)

(c) (d)

Figure 18: The high-order mesh generation of a domain
around a semi-sphere starting from a linear mesh (a),
the curved surface mesh (b), the surface mesh after
applying all optimisation processes (c), and a histogram
showing the �nal quality of the mesh (d).

essential part of such geometry and focus from a design
perspective is the front wing of a motorsport car and,
hence, the choice for this demonstration.

The Imperial Front Wing, is an open geometry from
a F1 car provided by McLaren Racing [3]. The front
wing, shown in Figure 19, consists of a mainplane, two
wing 
aps, a nose cone, a Gurney 
ap, a canard, a
side endplate with a connected footplate. The STEP
BRep of the domain consisted of 351 vertices, 559 curves
and 209 surfaces. It has a minimum edge length of
4 � 10� 4m, a maximum plane length of 0:2m, and
a minimum radius of curvature of 2 � 10� 4m. Note
the very small radius of curvature and large ratio of
maximum to minimum lengths.

First, a linear straight-sided mesh is generated
directly from the STEP BRep in the third-party �nite
volume mesh generator, StarCCM+, see Figure 20. No
CAD defeaturing or simpli�cations are applied, and
CAD compliance is imposed on the whole geometry to
demonstrate the reconstruction algorithm. The only
region where this is not enforced is the footplate leading
edge to avoid sliver elements, see Figure 5. A single
thick prism layer is generated near the body, which
is su�ciently thick to accommodate the mesh curving
process, and a tetrahedral mesher is used internally
inside the domain. The resulting mesh can be seen in
Figure 20 and some information about the mesh-entities
in Table 2.

Once converted to NekMesh format, the CAD-

Reconstruction algorithm is applied successfully as it
can be seen in Table 2. Due to the application of
bounding boxes extending the surfaces, it was capable of
associating all vertices to at least one BRep surface even
if vertex deviation was initally present with a deviation
� = 3 � 10� 6 from the BRep. The only exceptions are 5
elements located at the end-plate region where the CAD
conformity was deliberately not enforced, leading to
multi-patch linear elements. These 5 elements amount
for for less than 0.01% of the prism elements on the
boundary. The module did not associate CAD objects
to 34 edges, representing 0.04% of the surface edges.
Note that the discrepancy between elements without
CAD object and edges without CAD objects is expected
due to the retro�tting nature of the process and the
independent queries of edges and elements that include
tolerances.

Table 2: Statistics on CAD-Reconstruction module.
Vertices, Edges and Faces are only counted on the IFW.

Mesh Bnd Obj. Overall No-CAD/ J < 0 Fail[%]
Vertices 27 839 0 0%
Edges 83 339 34 0.04%
Faces 55 499 5 0.01%
Elements Tets 398 548 0 0%
Elements Prism 56 592 0 0%

The most critical step for these geometries is the
mesh curving one to the desired polynomial order, in
this case, p=5 with Gauss-Lobatto-Legendre points. As
there are also elements and edges without CAD object,
the curving module �rst uses the fail-safe simpli�ed pro-
jection on these 34 edges and isolates them from the op-
timisation processes. For the rest of the boundary edges
and elements, we can use the more accurate paramet-
ric projection and the surface optimisation presented in
Section 3.4. This leads to a highly smooth isoparametric
surface, see Figure 21, even for coarse mesh resolution
in regions with high non-uniform curvatures.

As expected, the smooth isoparametric surface from
Figure 21 results in high geometrical accuracy once it
is estimated. The vertices are ensured to be CAD-
conforming and lie within a distance � � 10� 10, hence
within the CAD-API tolerance. The deviation from
the CAD is � = 6 :4 � 10� 7 when tested with P = 6
evenly spaced points. The maximum values appear in
the regions with the highest non-uniform curvatures and
coarsest resolution, with leading edges reconstructed
by just two or three faces, and around the simpli�ed
projections, see Figure 22. The module indicates some
higher values around the symmetry plane, but after
observation, these were found to be artefacts of the
secondary run of face-nodes associations and not real
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Figure 19: The CAD BRep geometry of the Imperial Front Wing (IFW).

Figure 20: A linear mesh of the Imperial Front Wing.
The surface mesh is coloured in grey, the prism layers
in blue and the tetrahedra in yellow.

surface discrepancies. Depending on the applications
and the Reynolds Number, the user might use this
information and assess if mesh resolution or polynomial
order should be increased.

It is also possible to apply the variational optimiser
to try to improve the mesh quality. We limit the
optimisation to regions with J < 0:6 for computational
efficiency. Initially, the mesh is invalid and has five
elements with negative Jacobians. The quality after
the application of the optimiser can be seen in Figure
23. The histogram does not show as impressive quality
as the semi-sphere, but this can be explained by two
factors. First that the initial mesh is very distorted and
second that only limited CAD sliding was allowed in
the process due to the very thin CAD surfaces in the
geometry. This also points out the potential of CAD-
sliding between BRep objects.

Finally, following the generation of the isoparamet-
ric boundary layer for ensuring a suitable mesh resolu-
tion for the required local distance y+, this workflow
provides the high-order meshes that are currently em-
ployed for incompressible flow simulations. With similar
meshes for the Imperial Front Wing being currently run
in the Nektar++ group as part of the SSeCOID project,
see Figure 24 for the current simulation status. It shows

Figure 21: Surface quality shown for an enlargement of
the isoparametric surface mesh.

the pressure field calculated using the Nektar++ incom-
pressible iLES flow solver after 1:2CTU1 starting from
an initial RANS solution.

5 Current Work

Ongoing work is applying the pipeline to generate a
high-order mesh for a full F1 car geometry with more
than 9 000 CAD surfaces. Preliminary results indicate
that the workflow scales and can achieve good surface
accuracy with a full prismatic layer around the car,
without defeaturing the CAD geometry. However, it
has also highlighted some areas of improvement.

Extending Mesh Modification Techniques to 3D
The main limitation of the workflow is the assumption

1Convective time units: time it takes the flow to traverse a
domain length.
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